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1. Quiz Solutions:

3. Prove that if {an}n is a decreasing sequence of positive numbers and
∑︁∞

n=1 an converges,
then limn→∞ nan = 0. Deduce that

∑︁∞
n=1 1/n

s diverges if 0 < s < 1.

Proof. Let ϵ > 0 be given, and choose N ∈ N such that for any N ≤ n < m, we have by the
Cauchy criterion for convergence ⃓⃓⃓⃓

⃓
m∑︂

k=n

ak

⃓⃓⃓⃓
⃓ < ϵ

2
.

Now let n ≥ 2N , so that ⌊n/2⌋ ≥ ⌊2N/2⌋ = N . Since {an}n is decreasing and positive, we
obtain

n

2
an ≤

(︂
n− ⌊n

2
⌋
)︂
an ≤

n∑︂
k=⌊n/2⌋+1

ak =

⃓⃓⃓⃓
⃓⃓ n∑︂
k=⌊n/2⌋+1

ak

⃓⃓⃓⃓
⃓⃓ < ϵ

2
.

Thus, |nan| = nan < ϵ for all n ≥ 2N , so that limn→∞ nan = 0.

Notice that limn→∞ n/ns = limn→∞ n1−s = ∞ for 0 < s < 1. Thus, since 1/ns is decreasing
and positive, it follows that

∑︁∞
n=1 1/n

s diverges. □

4. Prove that the series
∑︁∞

n=1 an converges absolutely if and only if for every ϵ > 0, there
exists a positive integer N such that

|an1 + . . .+ ank
| < ϵ

for every finite subset {n1, . . . , nk} of positive integers N ≤ n1 < n2 < . . . < nk.

Proof. First suppose
∑︁∞

n=1 an converges absolutely. Then by the Cauchy criterion for con-
vergence, given ϵ > 0 there is N ∈ N such that for every m > n ≥ N , we have

|an|+ . . .+ |am| < ϵ.

In particular, for an arbitrary finite subset {n1, . . . , nk} of integers N ≥ n1 < . . . < nk,
positivity of each term above and the triangle inequality give

|an1 + . . .+ ank
| ≤ |an1|+ . . .+ |ank

| ≤
nk∑︂

j=n1

|aj| < ϵ,

as desired.

For the converse, fix ϵ > 0 and choose such an N as in the hypothesis such that

|an1 + . . .+ ank
| < ϵ

2
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for every finite subset {n1, . . . , nk}. We fix m > n ≥ N and observe that

m∑︂
k=n

|ak| =
∑︂

k, ak>0

ak +
∑︂

k, ak<0

(−ak)

=

⃓⃓⃓⃓
⃓ ∑︂
k, ak>0

ak

⃓⃓⃓⃓
⃓+

⃓⃓⃓⃓
⃓ ∑︂
k, ak<0

ak

⃓⃓⃓⃓
⃓

<
ϵ

2
+

ϵ

2
= ϵ,

so that
∑︁∞

n=1 an converges absolutely. □

2. Homework Solutions

2. Assume that there exists an increasing function L from [2,∞) to (0,∞) which satisfies
L(xn) = nL(x). Determine whether the following series converge or diverge.

(a)
∑︁∞

n=2
1

nL(n)
.

(b)
∑︁∞

n=2
1

L(n)
.

Proof. (a) We apply the Cauchy condensation test to show that the series diverges. Indeed,
the regrouped series 2ka2k where an = 1/(nL(n)) satisfies

∞∑︂
k=1

2k

2kL(2k)
=

∞∑︂
k=1

1

kL(2)
,

which is just the harmonic series, which we know to diverge. Therefore, since an = 1/(nL(n))
is monotone and 0 ≤ an+1 ≤ an (since L is positive and increasing), we can apply the Cauchy
condensation test to conclude that

∑︁∞
n=2 an diverges.

(b) The series
∑︁∞

n=2 also diverges, by comparison with the series in (a). The details are left
as an exercise. □

7. Let an > 0. Show that

lim inf
n→∞

an+1

an
≤ lim inf

n→∞
n
√
an ≤ lim sup

n→∞
n
√
an ≤ lim sup

n→∞

an+1

an
.

Proof. The middle inequality is immediate. Let’s show that

lim sup
n→∞

n
√
an ≤ lim sup

n→∞

an+1

an
.

Let ϵ > 0 be given and let L = lim supn→∞ an+1/an. Then there is N ∈ N such that for all
n ≥ N it follows that an+1/an < L+ ϵ. Now for n > N , we have

an = aN
aN+1

aN
· · · an

an−1

≤ aN(L+ ϵ)n−N =
aN

(L+ ϵ)N
(L+ ϵ)n.
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Taking the n-th root and the limsup of this inequality, we obtain

lim sup
n→∞

n
√
an ≤ L+ ϵ.

However, ϵ > 0 is arbitrary, so we may take it to zero, proving the claim. The proof is
identical for the lim inf case, and is left as an exercise. □

10. A real sequence {an}n is said to be of bounded variation if
∞∑︂
k=1

|ak+1 − ak| < ∞.

Show that if {ak}k is of bounded variation, then {ak}k converges. Is the converse true?

Proof. We show that {an}n is a Cauchy sequence. Fix ϵ > 0. By the Cauchy criterion for
series, there is N ∈ N such that for any m > n ≥ N ,

m∑︂
k=n

|ak+1 − ak| < ϵ.

Observe that we can rewrite an as a telescoping sum

an = a1 +
n∑︂

k=2

(ak − ak−1),

so that

|am − an| =

⃓⃓⃓⃓
⃓

m∑︂
k=n+1

(ak − ak−1)

⃓⃓⃓⃓
⃓ ≤

m∑︂
k=n+1

|ak − ak−1| < ϵ,

by the triangle inequality. Hence {an}n converges.

The converse is false. For instance, let an = (−1)n/n. Then an converges yet
∞∑︂
n=1

|an+1 − an| =
∞∑︂
n=1

(︃
1

k + 1
+

1

k

)︃
diverges. □

12. Given a positive sequence {an}n such that an+1 ≤
(︁

n
n+1

)︁p
an for some p > 1, show that∑︁∞

n=1 an converges.

Proof. First, by induction, we have

an ≤ a1

(︃
1

2
· 2
3
· · · n− 1

n

)︃p

=
a1
np

.

Thus, by comparison with the convergent series
∑︁∞

n=1 1/n
p, the series

∑︁∞
n=1 an is convergent.

□
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