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F\eli EX‘I‘enS\m Baacs

efn: A field exension is o homonorphom &L —>K where L, K are fields.

Remork: Givon o field ¥, there s o cngue homomorphisms ¥ Z—> F .

Debin: Z/p2 or @ 15 Hhe prime. sbill of F 8 F hos chomclashe p or O
Def'n: The degree of Kower L is [K:L]= dim K.

lropostbon: Let Fes K, K> | be field ecksions. Then  [L:FJ=[L1KITk:F].

Pl Vel assome D FD IL1KT e finie.

Then K has o basis {0 0B over F and L oo oo (b bed oer K.

We choim A=Taibbers s o bess of Lowr F.

We firol show the elements of A are lncorly ndepondent

svpfose chw =0, ke cjeF. Thea anab Z(Zq, b, =

Bob B bk e oo of L over K ond Zegoi € !< Viegce.

Thes, ?a;ar:o. Bot {6, 0% is o boos of Kaver F, 50 =0 Vig.

To sha A s spamang et of L, duke omy el Thew

«= Ziby b some € K Bob Hhon 6= Thar, for sme e T
Thos, o= ;(Zﬁga%, = %,Qaca;e,‘), o A cprs |

Overall, v sec Hhot A 5 o kosis of L over F amd
[L:¥1=Al=de = LKLk FT

Do A beld ockenoin F—>K 15 foite if [KIFD o fude.
Defin' Lot F, R be sobbrelds of o feld K. The compobm of Fi wnd Foim K

5 R Hhe omlot sobheld of K cokonry B cnd o

Def'n: Let F=K be o fel exhrsion, S K. Thew F(S) &5 the omaliest

subfield of K wn‘l‘an\y D and T We cll F(S) the held ;wmu by S over F

Def'n: An exbension F—2K & fudely Jeversted o, et € K s that Fotia) =K

Fepoottin: T8 F=2 & 15 bunibe, thon ih s Puilely gonacded

2

PP Any Pt bosrs of Komr F 15 a goremhy sek of K ore F.

Def'n: Lek F=K be am ockrsion and comider € K. We sany o 13 e hobrme

over Fis AR FDA, $20, swch that f)=0 4 K.

Deb'n’ Leb ot be alyebnue over F. The mmimel pobymel of o over F 15

e mone polpomial of il dyree. o FDJ ch fhat o 5 o ook

Ve denste. Hhis polymamel vo e

Poposition’. Soppose < 15 ahebmie o F, £€ FL such that =0

Then m. £

Db Soppese myptf. Thea 37,(‘6 FLea, &Jér) < dey ) sich et fgmge v
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But then ()= H)=9C0m 60 =0, a contradichin.

Defn The degre of o cver F 15 Aey(ww).

Fopositon: Lek « be abelreic orer F. Thew FEOZFbdY,,
b Let 9 FDa—> F&O

X />
16— f(=)

Than Ker(®) = {$€ FLI| =B = S D,

Bt o7 03 prime, 20 > maximal . Hence, FBW gy 15 o held.
Thos, by the Ist somuphiom thesrem FDdf,, 3= () € FG0).

But then () - o el combaming o awd T 50 FEO= (), 0
Corollory : [FG:F]= Agénw% deogree of = o F.

Debin: F—> K 15 cpebre if ey < €K 3 alyebme oo .

Lot I8 F=2 K is e, thon it 55 olyebimc

P Toke €K, aro. Thom o, =€ K on lineorly depurded

#onr KFD e, INeF s diod 2020, ibh kol Az0.

Lel— 'F(Y) = g)\;x" € FLA. ﬂum wﬂCoQ 20,50 < aiyeblm‘c over F

O
Theorew: F—K 15 Qm:k i and m]\, T ﬁ.‘m‘(-ely ”genw\M md a}?ebm:z.

PR The enly o dineckion Follows drom previess kwen b Hheoren.

Sppese F=> K is ulely goncnded ond chebrie. Then let K= Floi ), £ ek,

Note ecch o 3 alyebrme o Consder Fe—F) < FFCZ()%)L» < FQXW,?D(M
We sho, each mdndal exlonsion is fuite.

Let F'= Fletv. o), consider F' = Flotad. i s alpbrsc aue F oo Hfe FR\ ot
sch thed o) = O Bot Hhan s, 5 clietme e B By the abore corollry,

[F/(D(KN): F/J = cL;Fr(W\«,F') 5 PMI"R. H\'Mu-. Sihee 'H\r. c.omﬂom‘Hi—M 0,0- ‘ﬁhhlc

extensions s binrte, [k Flig Pt 0
. Qliebm.'c ] ) algtbm-'c
Cono“ary, Compoalrms O‘F I ﬁ.w‘%dy gowaké ]ﬂw,lcl €X+{mstm> are fm[k(y; fed |

O Leb FoK, koL be hubely gomemded. Than ot k= Flo ), e K, LK Qi) Bre L
Thon L= Ftos ot ) 0 L 1o boitly gonemled over F.

Let F—ok k—L Aca?eb,m_ Choose €L, e show o w o.yob/mr. orer F.

Leb muk = X+ Gox v e € KI) Thew gy € Flo e )i, Leb K'=Féeo, ).
Thon K€ = KT s 16 finite over K’ In porkesten, ve hove Thet

F—o K =5 K)o composihion of nike extworms, 50 F—> KG)s fnde. Bt then

15 wlebmic over F (note: k'Gy< L. 0

Deb'n: A bield F s clicbanially chsed it evory vonconshoad £ €FBT hus « ot 10 F.

Poposthon: T Fs ahebruaally closed, then every #& L) ronconshmt fockes compleely.

PE. Corsider R€ FIx0, momcorsht. Thin F hes o ok 10 F sy =, 50 #2 6eoeg, b some



3 FOT of degree leos o b e con repent ths process on g okl #hockess complicly
(by mduckion) 0
Fpsbion: P2 algebrscally cosed and oly iF every obobmic exhnsion F—>K o Ikt FI=1
PF. Consider amy Olyebsc F=K, let ek Than &5 o ol of mr € FIA B g o iovedible
over . Since Fis chebmally elsed, g =2, 50 € F and honee K=F Thes, I FI= L
Comersely, asame [KIF= | o every ebgbine ecensn F—> K. Let FeFLA e rom-corshonh.
Weite £=8 b ke fomedaitle. Thow B> FLA/Cy i ebpbue o [B040> FI= 1
ey FEFDIALY. Bob then deg(h) = | 5o # hes ol iche i FIL wnd 2o £ hes
arobin B T, Fois obbmiolly chocd 0
Theorem (krnecker): Let F he o field, P e FET von-cmshond. Than thene 15 o finike exbemsion F—>K
so that £ hoo o ok in K

P2 Vibe = B EFDxD sch thel £ € FLD s itvedecibe.

Consider F— K, where K= Fhd/q

Lleb x=x ek Tha F&)=FR)= T = 4069800 = O an FLAKLS.
O

efn: A abpbres. clsure of F iz o hebime exclorsion F K svch Hhat Kis aljobrcaly  closed
Remork: An alae b exbension K of F 15 algebrnc closwre of F b Vb€ P ron-corstot
0 Fhechrs in KD o5 o prodiet of lineor bchors
) £ lhos o least one roob an K
Fect: Re‘V"”";f N berg olgebmeclly closed.
Theorem Evey field F hao o abebraie closre.
P Lok FoLi be o olgebroie ectasion sch Hhot ony £6FBD rovarsdunt b o ook 10 T (ercker's Then).
Vo can agphy this seme den to gt L Lo b ach ot nch vm-corctot £€L ) bos et i L.
b crbone hekiely et L= Lo sohebis i poperty. Lot L= )L Ve chin Lo ool clae of F.
Firstly, ve show L is o Field. Consider P €L Thon IN,N'ER mch that €Ly, Pl Bt then IMeN 50
thet o P&l Bot Lnis o field, 50 atBelin, B Bot L€ L, 50 Lis closed uder Fhe operaions.
Silcly, The. obher Feld axans hold.
Secord e b F=2 L s abebroe. Consier amy «eL. Then INEN o fhat «€L,,.
Conposbirs o gl extonsors ore alpobroic, 50 F— Ly e chobme. Horce, o 16 bt o F.
Thos, each wel s alyebruic. over F.
Lostly, ve sha coch mn-canshort £ € FIx] Jicrs conmpletely in L.
Cansder amy FEF51 b dgwe n Thonin LI, #=L9,, e £,9.€ LED, L, livear.
Silocky, i Ls, 9,82 for e fy, 0, € LT, Ly lincor. We com continse this process n Fimes, as n
# g LD ackors o Lugn b L g € LD with Ly Tneoe, thon degl9)= i, 0 deg(g.)=n-e0
Horve, this process forminafes in LIl € LT, 50 Fhckrs lineechy in Lx]
Thos, L s e olebrc closre of F

(N



_n\eonem: Le# K, kl l)e Gbebmm G]oDuMS op 'S {:\iali F _”w»«\ ‘H\m 15 o fmrphn"ﬁm L{)'-K—) kl wlw,}\ w\akes
F—K

commole. Note: €5 not m.‘o},w., onless F=K.

PF See leckore. nokes.

Symmetre. [olynonials

Note: Let e S, and FeFln xdwhoe Fis o Field Then o) = oo, Xin).

Debin: Let Fle o hold. We define Flx 17 The Fi_wd | Ve, o =92,

Ve cll s the oy of sgumciric pohpomiak i veribbs

et Let Fhe o Reld. Consider IT(y—x.-) € Fhx, . [v]. Then

f\m“”: VST Syt e Vs, where SExib b b, 82X 06 F R EL KK, L S XK e
We call 35,53 the elementary symmeknc pohnomials i n vortebles.

Remork: Eoch 5: 15 symmebnc sinee. T05-x) 15 iariont urder S

Qemwk'. Eoch 50 Wemw ei: Jeﬁme I

Theorem (Fordomarh| Theorum of Spumehrc Fobyamials) Let Fheo field Thon )= Fls, .5
Thot i, cuery symmelric pohpamial s = polpmil 5,5, d there. e o alyobrue relbions omarg the 5.,..5.
PE. Se lechure nolca/Assf;nmw+ 3.

Remark: Led F=yrsage. o, €FI) Then in FIY, §= TT00m40, uhee 0 nok o §

I porkislor, v howe dhat 6= G175, (=), 50 symednc. expressions in ooty e olypomisk i 0,,..,a,.,.
Do Let Fhe o Beld ond F& FIxD Astme T has rooks o0 € 7 W dedine the dicrimint

ob Fhobe A= TTesmgs

Note: AU is symmedric in the roks of £, 50 is o polynomial i the cooliconts of £

Growp ’n\eor\\j Losics

Debin: A grovp (6,15 sek © with o binoy epachion 66— G ach Hhet

(3R — gk
D T}\a opem*iw\ is aSSool‘wL'\Ac_

D 3e€6 achthat Y36, e9-ge =9
2) \{Oole 6 30:;"66 such that §7ge
(et Let (6. be a grop. L Yo h €6, ghhg ve wll G obeliom
Deb'n: Let K be o field. Ve define. the ovkamorphim grop ot K cs
A(K) = 1o k= K] & 5.0 Biel tsomorphism
Dok Led F=K be om exhosin. The. Gobis Grovp of K over F 15
Gol(K/F) = {oe Ak | o, = 4,2
Remack: T# T s the prine. ssbbid of K, then Gol(K/F) = Ack(0)
Progortin: Let F=K be on exdorsin Consider £ € Pl and e €K 5. ook of .
Then Ve Gel(K/F), o) & o rob of £. That is, oy € Gol(K/F) iaps reoks of § o rocks of .
P ke #= 26 € FE Sie 015« held comaphim with. le = dy.




Vo bek, olorh)s o+ 0 (h), 0lob) = 06Io(h), omd it ae F, ol = o Thus,
0= (o= glhtn= ol 2 G w’) = ZUCCA o) =§:c,~ () = Fo() |
So (<) i o rook of £ )
Theerem: Lek 6 be o gip. Thon

D The identiby elomenk s onigue

2) The inverse of each 56 is i

D) Ve, b.c €6, ac=be implis 0=b, ca=ch imples azh.
PE D Suppor 666 e bih e shnkiy Fix 966 Thon €= gy ze”

D) Sppme 96 hus iurss hh'€ 6. Then b= h(gh) =o' ="
3) Follous immediakely by molkplcabin by iverses. 0
D Lok © beo grp Prabp of G ot HE Gk fod His o g T H
g of 6, e write He 6.
DN Let G beo goup ond X 26 Thon the sbgtosp gnershed by X o5
XD = the. mallest g of © crtoning X
Defin: Lek 6 bee grovp. Tham Hhe conbor of 6 15 Z(6)= 16 6| ¥re ©, gy,
Poposibion: Lot © ke o ~ Thea 20 < 6.
PE Corsider 3 he 246).
DFix x€G. Then Ghix= ;(m)-. ;(xk):%x)k*—(xg)k: x(gh, 50 gk €2(6).
DFixxe 6. Than gxzxg. 50 g 500", ond thos x57= g%, 50 1€ 2(6),
Also, it is clem e € 2(6), 5 2(6)$6. B
Growp Ackions
Defin: Led © b grog end X k. A achiono 6 on W i o wp
GxX —> X, whete (9,006 62X i5 wapped 4o gx€ X guch thet
D¥ee X, ex=x
D¥ghe6. X, g.0hx)=(h).x.
fef'n. Lek 65X —7 X he an ackion. The orbit of x€X i3
6.x = fg.x|2663 c X
Def'w Let 6<X =X Le an achen. The Stobilizer of x€X s
G, = i;ée\;,x:x% <6

Progosibin: Lek GxX—>X ke om ockion. Take x,y €X. Then

Dye 6.x

D yeGox it ondaly it Gx=Gy
PR D) 15 immedioke w5 exe.
D Sopse y € G.x. \e show Gx =6y
Oince yeGx, there is NEG swh that y=hox. Tn pericvhr, ve see thak Wy = K'.(hs) =R =><.




Consider ony 2€ 6. Than z2gx, for sme 366. oot Hhan 2:9.009) = (gR).y € Gy, 50 Gx €6y
Consider omy 2€Gy. Thon 29, megeé. Bot fhen 229.(h= (g x €Gox, 50 6.y € Gox.
Ouerall, we hawe Gox=Gly.
Conrscly, # Gx= Gy, hen D gives y € Gx. 0
Remark: TF GxNG.y 2 £, then Gx=Gry.
PR Lot 26Gn\Gy. Then 2€Gox and 266Gy, The above prpsion gres Gx =62y
Oef. Let 6= X—=X bo an ochon. Define X/6 = 16,0 [x€XE, the seh ob oll orbils.
Theorem' X/6. porkibins X
PE Follows om the cbore prposition /remork.
(b Lek € he o ginp ond H <6 Define fhe achin ’i,*}?’:,% ,
The orbits of fheackmore Hig= Tk [ 3¢ 6= Lgh'IW eHE = gH.
We sy o orbit of this acken is o leFhaeh of H i G.
We define G/ to be the set of it cosels of H.
Remock: The ahore. theorem tells vs that G/H packitions .
Then: Let © be o group, W €6 Condor 66, T
[ It H S KH, e ;H—_kH
1) T SHOKH 2, then oH1=
) A=kH dedanly it 5k EH
PR D and 2) hold o5 lefh coneds packibion & (roled above).
We hove gh=kH i endanly iF gkt i amdenly thee s hel s fhet g=kh.
Bk his holds of aed anby if heK'q € H, 5 3) holds. 0
Deb'n: Lo G e o anp, He 6. The index of B in6 s 16 H]=#6/k.
ot Lok © be o grp, H € 6. Corside fhe ockion H 6= ;% Ve call Hhe orbiks of
Fhis ki Hhe coggy el o © cnder cmjimey by H.
Remork: Hg=Hg' b end aly # FhEH stk that ghy= o'
Romark: T} x&6 2(6), the conjuguey closs o x i3 b
PE V66, grg= gxex=n, 50 Gux = b o
Remark Since. orbits arc. o packibon of 6, the cmjapey choes of G pockbion G
memhm: Led GxX—X e an ochion, xeX. Then 6, € G.
PF. Consider amy g.he 6.
D g r, o hoxox, s (R x= 7.0z gox=x Thos, ghe O
D) g-x=x, 50 x-.e,x-_(;-'ﬂp.x:09~x(;_x)~.f.x, Thes, Oc,-ve&.
This cleor €650 Gy € G N
Theorem (Orbit- Shabilizer Thearen):
Let 6xX— X be an ackion. Corsder x € X. Thon there is o bijection ¢:6.x— G/,
P Consider V6> Gu This s o suockivn mas Assome AD=Y() for tme 0 hEG. e thn, oo =G



Let 6xX— X be an ackion. Corsder x € K. Thon there is o bijection ¢:6.x— G/,

P Consider &P:%: O This & o sugective mop. Fasome W)= P0) for same 9,066 Lo dho 96=hGy.
W hoe 9= 900) f onb only & g ib and enly i (Rxczx b and by # g7hé G

Bk by Fhe Fheorenn on cseks, Fhis holds i and only § 96x= h6x es desired. Thos, ve dobine

Y6, — 6x whew W(g6.)= gx. The abme es Yok this wop is well-definel.
frloo, if V(360 = P(h6x), then gf.x-«kx 50 by abae gbuzhGe W is injeckue
Forthermare, if 9.x € Gox, Hhen 4G 7 g.x 50 the mmap 15 indeed o bijechion
Theorean LLagmia: Let G be o finide gop, H<G. Thon 76 = Lol #H,

B G/ packdions G, 50 #G= ZAC We show HZC =FH forall Ce G/,

CE G/R

Rm“ OqH 5 on orkﬁ o 6 onder Fhe achion H’(G_? 6
(NEad TS
]?)\1 the Orbit-Shobi lizen ’n\eo/evn, #OP{H #H;Z #'H/H;~
BH’ H& = ZL\EH l 9%"'-;% = 7,&75. chu_ each \cﬂ covet ‘ym size ZHA. T\f\\s iivf—i
#6 = Z)ﬁc =[G H)#H, B
Corollry: Lek © b fuke arop and G2 X=X e chin. Lok € X, Then #6x = [6:6.]= 22
ﬂ: v. #G,x‘- [G) 6):] [3\1 'H\c Orbf‘"‘S{'abilizq ’Hscomw\ BLA’ Gx S 6 m(\_ 6|'5 ‘P‘N“‘c, S0 'H\e c\m‘w\ L\ous b’ Lﬁdﬂbm e . D

Covoan CC\asﬁ EG[IumL\‘wD'. Let G be o Q’in{jre grwp, wmd Bx6—6

0O

(g h) —> akg
Thea ZG= 2. [6:0,)=#2(0)+ 2;{6 6] \Where % € C. (Noke! ##C=T6:6. by Orbit-Shebilines Thesnem).
cal:s:g C :,\ m c

P, Recall, if € 206), the omjugecy cless of 15 b Wl bone
#6= Z#C SHZ(C)r 2HC = #26)+ JT6:6.], by Orbt-Shbilzer Theonem. 0
Grovp Howiwkm ond Nw;r%uxlgmfs
Debin” A bovevorghism From group 6 o e grop H s mop 06— H stk Ve 0= s
We. say o homamorfhin b am tscmorghim i s fjecke
Remerk: TH ¥:6—H i5 geop tsomerghin, Fhen 0 16 $7H= 6
Def'n. The kemel of o honnwrfhiom #:6—7H s ker ¥ = {ge610g=erd.
Bemock : ker @ <6,
b Lot G e o gmnp, He6. We sy Hois ronel F ge@NeH, ghyre .
TE His vonal, we wnte HEG.
Theorsn Lok b g, H G Than Hhe Moy v cpab
D H s normal (H46)
o) \f&ee, ;Hj‘g H
V€6, gy = H
Ve 6, gH=Hy
e
D=0 This fellows from the debinchion of H9G (Wgeb,VneH, ghy'e .
D=>3) Soppose ghg" € H, for amy 9€6. Thon since g€ 6, gy < H.




D=0 This ullows from the debichion of H9G (Wgeb, Ve H, ghyte .

D= 3) &ﬂaox 3\49" cH, & ovv\\fgﬁ(;. Then since g"é@, 3-'Hdpl cH.

Als, if gha € ahg', In'eHso that ghg'=h'. Horce, h= by € gHy.

Thes, g"HOclz H, so H:;Hj‘.

3527 M) Th Vge, g =H, then gH= (phlheHS= Tghys ne HE=GHyda <Hy
=7 3) IF gH=Hy Yyeb, than iy =GR by = Hgr) = H.

=) Fem abow, \1?66, aH'—H; |'m?l\v,5 H:;H;" \4366. Henee, Yhe H, ;L\J'eH 0 H96.
A

Thevun: Lek 6 e o gap, H¢G. T8 Hos vomal, then 6/ 15 @ gonp, with opention
GHKH) =oH

PF: e need Yo chow that i 51y,x0y7 € 6 5 Hhat x=xH, yheyH, then xyH=yH,

Note, xH =xH, yH=yH mply () € H. Thos, xeyrH= oy (Gr"H = X0y y )y = x'yH=xHy
Now, sy = x/Gex )My = xHy = xyH, 50 the opershin 5 vall-defined

Associdivity Lellows Froms associakiity in G, H s the revtral element, and GH)'= g7H.
Position: Let 926K be . grp homororghim. Then kee(9) <6,

Db Prvins theorem gives ker(0) € 6. Fix ge 6 he k) Thon
Vlghg) = 0P = Y U = en, 50 ghy™ & Ker() e, Kar(0) 46, 0
Propesitin: Let G be o grop Then (£ R <G, There extsts o homomorphisn 76— &

with Kot = B U col| this dhe rudural homamorphian.

Ph Oefine WO G This i vell-bbied. il f <6, 7310~ A (0D -r(pn0)

5 His rormal. Thos, 11 15 o howemorphion. kerlm)= TgeGlmip= gh=Hb = H, 0

Theorern (Firsh Tsororphion Theorem for Gropa). Let ¥6—H bes g haroraphim.

Then Fhare 15 o map P2 oy =>H sch dd Windiecs am isomorphion behveen o) ard m(4).
Prob See ketore rotes.

Prootion = A grp ackion 16X 15 cqpalnt o o homorerphion 26> S, here
=gl a0 = v

Theorem (Coyley): Every fincke dtmp i tsovarphic Jo o ubgroup of S, for some n M

Lok © b ke o Con fhe cohin. 6= & T s o b
KPSD:EL;Q' We have that Ker($) = g6 6] Yne &, gheh b = ek

Thos, @15 injective. Let n=#G. Thon S:¥ S Dy the firsh rsomorghiom thasren.,

© = n(9). Bt fhe ingge of o hamarerghion < & dyonp of the codomain, 0

Nowal Field Bxtonsions

Bl Let Fhe o Peld, S=Thder, e FRA. A flithing fell of S over T 15
on exhongion = K such fhat K is generabed over F by all the mots Gn F)of the L.

L&mw\m (EX‘L@V\G\'QV\ J—Mw\n): L{,i’ F_7 K, F" k' )x f.:(‘l*ﬂr\sk‘mﬁ_ Aswme T K==K' is an isomo(‘pl\lﬁvh.

Also L’,+ /Jl k—‘7 L }Je an o‘ldqf,lomx‘c 5)(4'9'1\5\'07\ omé /0/.. [<’d7 ? L}C o\ EXL‘W\ﬁf‘M- ﬂ\*’N\ ‘H\GN« 5 o

L o slgebric



Lemma (Exension Lemma): Let F—=2K F=K' be exhonsios. Asome 0 K=K 5 an isomorphiom.
Also let pik— L he an Alfbm exchension omd 2/ K'— F be am exthonsion. ﬂ\?ﬁ:ﬁm 5 o
b ULr F g Ahak Wop o Bl ve b T ol 0
Y
1 See lechune viokes for sketch.
Def'n. P ectasion F—7K is nomal 1 mop splibs in KD or every ek
Theorom' Let F=2K be an shebrac. edorsion, K< T The ﬁenw; are eponlent
N Kis s,ol.'H.-n;l feeld
D Brey K7 F vhich Pixes Findiees am ovtomorphion of K.
B K is nomal
PhN=2) Assome Kis o spl;an; feld of S< FLA. Gopsider ik—F pixm; F.
Ko o gitling Reld, 50 Ko gonombed by o[« s o vt 455 Bk 060 ok e
a rookof § (Bor g ), %0 )6 K Thes, o(k) € K.
We show 0 15 opjective. Thothiees do show Hat WPES, ib cisn nokof 4, fhen w6 al)
Since o= pormkes toots o F, and there are onby Binidely momy roobs, we hove That amy
ook of £is i o (K). This, since. Ko Fhe splhig beld of S, K € 7CK), 0 k=g,
D= D Let 9= tmpl e k3. Then K is the gty Ficd of S.
D=2 Let kK ad '€ F he a root of mp. We howe

= th —kK
S e §
FO—Kis clychrese, 50 by the exbonsin lomme, dhere 15 ¥ k= F boang F.
By D, WK=K, 50 96A= € K. Honce, amy othor ok of 15 K, 50
e plike cmpletely in KDL Thus, K 15 porme . N
gt Lek S € FLL Lot KK be splthy frele bor S ovur B Than K2 K
PE See lechore nobes.
Remork s TF FeK, F 5 K’ are normal extonsions with KK < |, [« beld.
Thew KK s normal over T
PP Since KiK' are norma) ovee F. thene are 5.5 Flxd ach that k=SF(S),
K'=SF(S). Thea KK'= SFSUS), 2 KK'is normal aver F. O
Remork: Let F—k =L he extensions. T3 L s normalower T, Fhen L is rormal over K.
PE: Since L s pormel over F. S 2 FL) 50 4kt L=SF(S). Btk SR(S)=SF(S).
Honce, L is normal over K. N
Dot The. narme closure , K™, of Karar F s the subfild o F sonambed by al
7 (K), where k—F fixes F.
Remark’ This is the smallest rommel subdiell of § con wining K.

%PMU& EX‘L@V\S{OY@

D@«‘F’h .. LeJr F—> l( l;)e on alﬁ&brw‘c ex#ms\‘av\_ D&?\'v\e H\e SeFovae A?rr_e, Dp k over F os




[K: Fly =290 k=T L ol = inclosion b
Lenama: Spse BETFE F s on omaphion. Let K be abebrei over F. Then
KFL=#£1ok—>F | al- g2
P} See leche nokes.
Theorem: Let F=K—[ be elgebroe ectensions. Then ILFL=TUKL P
PF: Assome ol %WH.@ are finite. We have tht
L =#irl=Flo-ub= 3 #lol-F| o=}

Hezid

- 5 Wkl = [kFL Ik,

(A

Tlgzid D
’ﬂ’\wmm: LC+ F_’7\< l?e, 0\]&613{‘@\1, —”\&v\ D(Fjs < B( F]

PE Withook loss o gonerality, assme [Pl s finite. F== K is b, 5o we howe

PR ):=F—> Few-h—. .. 2 =K, od %

[k P= ﬁ[ﬁ:m, Ik: F);-E[EF;:F,-_.]’. Thus, i+ soblices to show iR ) [RORL Vie Thmd.
Consider F=F&) < F el brui. Then omy ot FO—F kma T imusk map a rook of me
Yo a kot mop Thet 15, [FG0TFL = # diskinh ks of o € des(inas) = [0 F) 5
Db n: A finte extonsion F=>K 15 sepable i [k Fly = [K:F).

Theorem® Let F=K be normel, separable, and finke. Thea #Gal(k/F)= Tk:F]

PE Becall, Gal(k/P = 1o k=Kl ol=id 5. Consder amy o 1k—> F ach thot e id
Then sinee. T K is nomal, oK)= K. Thos.

kP =[k 7l = # (k= Flole= 143 = # ko ole-id b = #Gl&rD). 0
Dbt Lot F—ok € F be am oxbonsion. We sy o K 15 separble o F i iy hos o molbife ook,
Remark - This & cquinlent 4o syng F= F) 5 sapaccble.

Proposibion : Let F—=K be o Rinte extorsion. Than F7K ts Sepovable i and onky i YaeK, ot s seppmdic
PF: Suppesc T K ts sepamble. Cansider any <€K. Then

[kiF) = [ Fly = [k R0 L Feo 7, € (kRO Feo: k] = T Fl

Thes, TKFE) 5 =K FY ond TFE F12 R0 FL 5o o 6 seporable.

e nshend oeh 6K 15 segureble. Thon F—K 5 he hower

F— He)— ) —. . — K.

Bt ccch induiden| oxterston is seporable, 30 [K:FD = [k Fes, 3], TFO0FD, = [KiFGe,and ) [0t F)=TKCFD
Thes, F=K s Sepomble. N
Romerk™ Tk Fhos choractershe 2o, and FK 16 am exchonsion, then every «eK is sepamble.

PE: Consider omq <€k and bt F=mepe FIxD Sek g=1" Fi imedueible, s0 deg (7). Let ot vepd,
Then g=ar vict'z 0. T Fhes o repeded ook of PEK, then M= ()= O Foot then
mpslg. However, wap5 [ a5 well, bt # 15 inedueible 50 CL?W‘F%&;(% 3755;), o controdiction.

Thos, ¥ b no repeated roks, S0 o & sepacmble over F. 0




Theorem (Theorem of Hhe frmitve Element): Let F—=K bo o finbe and sepamble exkonsion

Then thene 15 € K such that k= FG).

PE. Tor v, scme Fis nide \k prceed by indwhon on d= [k F1.

W dolve are done. Assome dv |, Consider omy o0& K\F. Thn we hoe

Dk Fl= [k Feol[Feo Fl= 4,4, = & Ve hove &y < d, 50 by mdvedion dPEK 5k

thet FABY = FP)=K. Let k= F, ie1..d% Le the d wbeJJM;S of

Kowbo F loang B Boch 005 dedeommncd by whot 0i69) and GilB) e

IF izg, then gizop 20 JeyeF soeh that 6ot ot # go0+ ¢ (8.

led Pl = H(m-(,m X G (M- GEO- x G5(P)) € Fid

Noke, PLX);!OJ, % AcEF suh that P70, Then Giloasch) # Glar e, foroll iz

ey the Ailerel) are all dstweh, Lot Y=ooreh Nohee, i ing, thon Gileen # Gilrary » siee (D701,
Thes, there e & dshuct embeddings of F(1) o F owg T

Thos, d ¢ TPV Fl €4, 50 F—>F(N) 15 sepamble.

Lo packisdor, we have that K= FP) 05 K and FID) e ot d-dimersioma vechn spuces over ., and F(D }Tj
Finite Fields

e Ve debim the ke Beld wibh p elements (p prime) b0 ke % 277

Recll, if F s o ke Field, Char (F)=p, b p prime.

Remork: Lek F he o hiike Feld. Thon #F = p° for sone p prine, n 61N,

PR Leb TR be the pome sobfield of F. Then Fis an Fymveckor spoce. TF [F1IF )=,

ton F (). Thos, #F = #(5) = . (albemmaducly, leb T xb be an Fybosis

b F Then o6 F con hewethen as <= ot tonetn, i€y, There are P choges for

o pdohl € F). 0

Poposben Let F=Tr€ Iy Then F 5 the splithny Field of 5™ € D1,

P Let 0= (F\Iob, ). Then 6 o grwp of order -1 Gonider 6. Thenn

7=, b 6 By Lymye, oe)=k g1, 50 «? ' = | Thos Vueb, <=1,

50 x5 otk o -1 Horee, oy «€F s nsb o x50 F= SF()

P\E)‘V\wk Tl’\ns gi\!ﬂs 'H\u"', up ‘l‘o Samphfm, ‘HWN— 5 0‘\' Maﬁ‘\’ one QW/‘A O'P Q’Aw FP\V

0

Pemerk: is nomel and seporable over Mp.

P Fisa plithng Fell, 5o is nomal over T Lot 4 =x" =5 Thew $'= prx™-1=-1,
Honce, b and ' never shore o roch, 30 £ is separable. Thos, Ve 7 o« i separble, so F 15 separable over WPD
Remack: TF F=K 15 an exbension of fiite diells, then K is rommal ad sepable over F.
PF We have o= F 2K, bot =K 15 norwal, 50 F =K ie romal by frevies resolt
The parchlity prook  snibe b e proot ohbue.

Theorem For amy n€MN, Hhere is o finibe Feld of order g0

P Let £=x"'~ | €] Take F=SHA). We sho #F=p

Nedoo ¥ ot e oxP™ 2 20020 L ad ol i x=0 At koryzo




P Let $=x"'- | €] Take F=SHA). We sho #F=p

Nokee, ' =@ = <" 5, $00=0 b adanly i# x=0. Bt {120,

% Fand £'do ot share o reok. Tn pardivbr, we have that £ has g | diskinet reohs,

all of which are n F.leb F' be the seb of all mots of x"—sc. We show T is e Peld.
Considen amy =, P& F', then B =P P = X B g0 <P is & ok of X3, Thos, as e F'
Ao, &)= Pt = a3, 30 «p € F'. The other axoms similarly hold. Thus, F'is o field, bt

F=SFEx), o F= F/, aud #F=AF =" N
P\Wk Ve debine ‘H\c o p kpiﬁy — pr . /D\is 'S %Aom—rf}w(ﬁm,\/\/& c«” H’ ‘H\e, Frobenios EV\M%I'SM-
Qaw\wki Y restets Yo m&wrph\sma.ﬂv¥ s, ‘(Jlﬁl IT-QV—7 VE]/ U5 evéam,r/’)}\lsm.

Theoran® Let G=T= % Then there 1s < €6 ach thet 62 <<V, 1o, G s eplic

PE: Consider o6 6 of arder k. Leb H=¢av= 2,4, <72 Nokiee, each PeH 15 o rock of 5=

e oll KHh ks in TRy ave i H. Lot © he the Boler Phi Funchen. Then Hhe number of eloments

ob 6 of order K is either O, or P We hawe Hhat 4-1-#6 < %lwm (roke, &7 1, Ve G),

Wershow this nequaliby 15 in buck oo equality.

Lk 6'=Zf yz = 10 TL., 728 = KTy In 6, the nmbue of ehomenks of oder Kyl

s ooty W00 Thon, g- 1= #6726’ = %—.\m' Bt thon there 1 ot kast one element n 6 of
rder -, sy P& TRy Home, CBY= 118 P72 =R 0
Prposition: GalllFq /1) = Z/pn 21 where 42"

PhLed < ke a;wmkm of I Thaw o= | iFand wly i} peyl | k.

Assome o |, Let ¥ dencte the Frobenivs endomorphiom. We claim =, Qe =a,. P™ex) = o™ ne all dishnet.

Ve howe K= ot b and ml\{ T |, wheh s e when p"—lthl lp“—|, Bt e cssome K <n,

S0 Hw.s«_ o,LcM..vas anc c‘|] Au’smLmt} T;wﬁ, n= #<\P>, WM\- #269‘ (VE’//W:F) =h, %0 Ge\\(ﬁ/ﬁ—?): <\P\7 = Z/A\Z D

p\erwwkl F«b:ﬁ@),wm &> = ﬁ:’l/*‘
Pmposijn‘ov\ . ﬂ:P-ng E,n i omd cm\\( it min

PJ: I1P ]T_"-E‘ H__W , H\A« [Fj)“ s an ”:p"‘_ Vﬁc'\'or spou, So 3K6 ﬂ\\ So 'H’\n.+ H:]’)" = (W’p*)Y\, T]\N'jl I’“: PMK, So W\lV\«

guf)f)osc imstead min Ew\( element of H%;m sadishes P ()= o, e M. Ndk,‘ PBefn it ol onH e =B

— ~f
Suf)f)ox =K, b some KEN. Then it wefr, o= of oSG L () = X, 50 6 M.

’ﬂ'\uﬁ, H:PM < VT?,V\,
Pmpos)sn‘ovx] 6@\(%"/%“) = <\@M>, whene m\r\‘

0



Golois Corr@s]oan&eme

Oef'n: An a]ﬁebmx‘c edenson F—> K 15 Golois i i is normal and separcble.

Remack: T F—K is finte Goloe, then \“%51/?)\: Kk:¥]

Op kF1L [K Fl,- % lokot | clo=db Y2 (o kokl ol = AGIK/F)

Thearom. Let F 2K be finte Galos, 6= GallkK/F). Then there is an inclusion reversing bijeotion bobweon subgrocps

b © amd sobliells of K contoiming F, where H$G — K" und i Fel ek thon L Gal (KD 6.

PE Lok FeK'eK We show K'= K& Resall k™™= Tuek | ct-a Nok—k ob oho= 43 Clearly, K k&'
Toke e KNK' Thon myy has degoe 7 2 and diknet tooks o8 F=>K s separable. Lot o 2ot be amothor rock of wiowc

\e hawe

kr — I(lj(lo()->l< 107 = l " y
1 S/ exists extension tewmon + normalivy . (o _;.10“'. K— ‘.S,-L, (o) = o'
" K —k

Honce, o' g K&UE) 5 Kk/= it

Comversely, let Hs G=6al(K/F). e show Gal(k/k*)=H.

Notce, Gal(K/KM)= {ceB|ot0za Y st cled=a YrehE Ths, Yz Gal(K/ K",

ﬁ)vl Thim. of the Primitive chemert, there 1s d€ K 50 that K= F(A) Seb W =H.x= {a,. . owh, whee ecch ac K.

Now, mge | 60 = ﬁ (i) € KD Bk Ve e P, . 60 = P0) s © pormotos Fhe oty oty Thak 13, pic) & K¥Ix1.

ot than. #Gal(R/k")- Tk K7D+ dogbngy) « #H. Hoce, Gollk/k)= W

Wk howe ectoblished Fhe bijeckion. For ieloson roveramg, if H< H' €6 we vand K" € K",

It wek” than NoeH', etz But Fhon Yo eH 2ldos o0 ae K™

I} imstead FEE SF, € K, we wond Gal(K/R) € Gal(K/E). Let o€ Gal(K/F). Then ol = id.

bt el s glr=d Ta parkicolar, e Gal(K/F). 0
Quodratic Extenions - Galois Correspondae

let Fobe o Peld with chow F 22, Let $=xt+bxrc e FIx1 be irreduible. Then § has 2 dishinet raks Ce{,m&mi\-c formwla)
The sth«; feld of & K has [RFI=2, and F—K s sepavable (os Lis Sepaméfe). In portielar, F=> K s e Goloss.
GallK/F) = ie, ¢, where @ permibes the L rooks of £, Alss, Hhere are ro inbormedinte fie\ds.

Fine Fields - Galois Corvespmdonve

Let p be prme, ne N, g =p" Than 5= IR, 15 hnite Golois with Gallly, /R) % 955 Zf-pz (9 the Frobonivs onkomorphion.)
6 = GullRy /) 15 oyelie, with one sy e anch divoor d of g-1, <Y has ordsr 474

BT = Gael, | ot a3 -

Cobic Exctansions

Assme cher F 7 2.3 Toke b FIx] inreducible with roots ot oty Lok K= Tt o) be the ot Fold of £

Sirce chor F#2, §is separchle (e.g formal dervedi) 50 F=K s Binde Golois, and 6= Gal(K/F) € Sy 05 7€ 6 acks on the .
\e have [FEY F1=3 < [KF] 50 16126 or 16123, and hence G5y or G A,

Let @ = (t-tdleti=) (=) = AR oud let ¢ = (23) (50 Ay=<0>) D s fixed by § bk not (12),(12), or (23),

o 5€K®=F if oud anly i} G=fy. ie, O= %i\a%’ii (one real root imphies A rok sguore - wiblom)

Second Pact of Galors Correspondeonce

Theorem Lot F < R be Finte Galois omd Hz Gal(K/F)-G. Then H46 itt Fe kP 15 nomalad Gel(KY/F)E G/,




Second ot of Galos Correspondance

Theorem’ Let F 2 R be Finte Galos omd He Gal(K/F):=G Then He6 it F e k? s nomalmd Gal(K"/F)E G/H.

Pt Assome F=>K" nommal. Then amy K" F fosng T induees some g0 GolK/F) 50 thore 15 o hanamorphiam Y. Gal (K/F) = Gal(K'7/5).

Gy the edonsion lemma, Hhis is sucsechve, and ker(®)= 1oik=k | o= 3% = Gal(K/K") = H. Hone, H 4G omd Gel(K"/F)E G/H.
Converrely, let H4G. Lot k"' F Fix B Any suh @ libks o & K=K fong F v exkonsion lommar and nemelity of Fk.
Now let #e K, 26 H. Than 2(600)= &)@ = (o)) = 660, by normality of [} omd swce &6 K" o &) e k* and oK) < ké
Note! Let F S KL SF b bolds amd L finte over B Than it F=> L 15 Galois, KAL=L omd K—KL one Golos.

PF kNL—L finte Golos is immedinte. k=KL 5 Pnite Galois since i is ;Walui by hormal amd separable cloments (from L)
Theover (Base change Theorens ). Let K. L be as above. Then Gal (KL/k) & Gal(L/kn)) .

P Take W GallKL/K)— Gal(L/KND) where L)z ol This 15 o well-defined hamomorphiom.

We shaw injechive and drjective. Since o Gal(KL/K) 15 dekermmed by its behaviar on K Coonstond) and L, W 15 mgective.

leb Hzon® Thon [* = RNL, 50 H=Gal(L/knr) omd € s urjective. 0
Frof Sylow Theorem + Pnc-r\a;umies.

Peposion. Lot € be abelan and pl1G1 Then G has o subgronp of aer

PE: By indwotion on 161 The hbuse case is drvial. Agsume 16171 4nd the realt o e Wllwam)os.

Aosume. oxe O\, pt [0 ] (2lse v are done). Then 6 i chelion 50 GAixs s a grenp, and s abelion.

Since P and p 161 we have pl16760 1. Honce, 37 €6/ of onder - Now, if y 15 Fhe pre-imere

in noduml hemomerphisus then y £ OO bk yPel as o) = But y™e &7 i and by if plm, 50 ploty)

amd we are done by mduokion. n

Theorenn (First Sylow Theorens) Let B he o dnte OWOVP with |6|'—W‘ﬁIK for some 0 prime, me N, ke Zso, go&(ﬂ.m):\.

Then fhare 5 o svbgrovp B €6 swh et 1A= p*

PE By induekion on Bl Base case s davel. Assme 0l [6:H] NH£G.

By the class equarhon, 1612 1Z(0) 1+ 2 L6111 = 12L6)| 2 © (wed p), 30 26) 7 1€,

Py proposition, ZLG) hes o sohgrop K of order p. Smee H2Z(G), R 6, |GAy[=mp"

Py indckion, JK £ G/H o odor P Drecimege is sbgrop of adee WVIKIZ prpioph

Corllry ek G be o Ruske group cund p o prime. dudng 161, Then Hhore cxcks Hs 6 with [Hl=p.

P By Sybw's (Firet) Theorem, 6 hos o subgragg of onder g For masimal k €N ach Hhat p*[ 161 By Hvenork, 12CH)] 55

ron-triial, 5o by the progostin has e subgrenp of ordor p. 0

Theorom Let p be prive, +& BTx] be imeducible of Ll«?r\oef with slol\’++.-n07 fill KT8 F has exactly 2 rea| roks then Gol(K/R)ZS,.
PF. By Homewock 7 Quesken €W, G gorerstel by any At anb the ple 02..p). Recall, 6= Gal (/@) « Sy R, pl161] 5 doy@-p.dd
5 wnebocble. Lok G H & . Then s o pregele oo plH and o0 Hhos o bgrosp of ordor p Led 2 K=K e quon by 2e0=%, Hhe conlox conjoke
of & Then since £ hos eoctly 2 non-real roks, b any PfR is Pixed cnder 2, H has o Fromaposition 0 we are done. 0
Fondamenta | Theonen of Pdgebm 0o
Theorem’ Every Binite extonsion o €=R(1) is €.

PE Let K be o fnde edkomson of €. Thew the rommel clomee K of K5 Side Golors over @.

Then 6= Gal (K/R) s oder dusble by 2. Let H< 6 ke o Sylow Tobgronp of 6.

T, Teo1-16l4.0 . 1A V. TTRRT L 11 R T F T T S T NN NS B v




Theon G= Ga\(lrz/@) has order divisible )0\/ 2. L@\l’ Hf 6 be o S\/]@w 2—1%;%/7 of G.

7

TH 1121, thes (ny AW) thae 15 on ndox L oohgwp H's G/ Then [R™ @212

fuk € hes no spedredic axtorsion by the quadmbie fomda, a contredichin. Thus, 61k, 50 K=
Shable. Growpe

Oebn: A;roxfr) @ s simple & HeG implies R=7eE o H=06.

Dek'n. A composition gorics of o Finte grap 6 15 o sequence of sbgoops 1632 6.26, 4. 26> G oo thet cach Gun/G; s simfle

Hev\oe, /\ZH = ﬂD\ 30 6 S e Q.*amu}’), L@%’ 6’:: Gal[lz"/@) 'ﬂ,\m 6’ S e 2,;,\@)?

Theorem Every Finite ngf G has o composition series.
PE: By induekion on 161 The base case is trivial. Sopose. ang g o se <161 has o composition series.
IE G s sinple we ore dme. fmomie neh. Thon AR ¢6 ach that W el and BEG and H is of wmimal size amorg noma |
ahgrovpo of G. Since H[<161 H has o composition series. \We need cm,l\, show G/ & simple.
et L4G/H ad fake w166/ & be the natural V\owuvwf)kcsm. Since K4 G/, n(K) 6.
Howewer, HE 7(K) 50 since He G, Ham (). Dot R is wasimel, 50 wCK) = H op 77(K)= G,
In either case, K=Hz=eq) or K=G/H, 50 G/H 5 simple. )
Oeb'n A finde grwp is shoble # it hos o componitin series with abeliw fockers.
Proposition . Lot G be o finike simple Jroop I G is abelion, then 62 for some prime p.
PR G i abeliom 50 any sobroup of G isnormal. Lok p be o prime Aw\'&yg 161 Then © has o shgrop oF order p.
But then 6 must have order 0. n
Croposition: Lot G be o finite soluable Jreop T# G ic smple, then G s aboliam
PE: Since G is smple, the anly compintion sries 15 159G, md by sohabibly 62 G/,1 is abelian
Theorem Lot G be o finite o awd H4G Then © & sohebl i amd oy i H aed G/} are hable,
PE Henork ., Question 3.
Corlbry: 6 15 ohable & and only i omy composition series of G hos abelian fackers.
PE2 The only b direction Lollows mmediokely by dofinshion amd an obove theoromn.
60??07& G is sohable. \\/eao by ‘Wducken on 161, The base case s trivial.
Lot Got . 4G, 960G be o composition series of G By theorem, Gy and G/5,,., are sohable.
Fortheemore, G/5,., 1s simfle, so sol\/abi(i+7 implies GG, i abelion (b\, Pm/)ooi%»).
Aleo, by induction amy Composition sefies AR Gy hes obelion factors. 0
Deb'n Lot G ¢S ack on D] by porwbrg the s where K iz Beld sk §= T1Gro Debine: Aoz Skob($)= fge S, [o (=43
Rewarks' * Aa ¢ S oo abilirs ace whronps.

~Obt) = 14,-8E % by Ochit-Shabilier Theorem, [Sn:Anl= L, 50 by Homework U Queshion G, Ay ¢ S

Homework 3//11 g odddbions! proporkies / choractenizations of A,

n

Lenvma. An is genmiei Lo\, 3~c\loles,
p‘?: for a.“ [l Ar\, (] H\e pmw o@ o even V\vmber 09' ‘{‘mspovihmﬁ. Hevwe, i'(' ‘50@‘(}@% lv 61\0w HM’-
PmM & L 'k‘mmﬁpo‘b%l—{avo % o Pm&,dr £ B'Gyoles. Notice, (l;;)(oik):(gki) ond Od)(kl) = Oc))(ik)ﬁk)(kﬁ)t (I'k(j)CKLI').

Thon EGZH]: ’G[/H-H > 0&&/ md S0 H(vnim] Vs cclé. B\y’ I\IT, amy odd clﬁﬁea po}ynorvn‘a’ over 1B has o veob m R



I'Y. for all 6 Rn, (15 The Pmdual- ot ovn evew number ot Tmspoqﬂ-mﬁ. Hence, it duttices Yo show the
produck of L framsporitirs s o prodck of Bcycles. Notioe, ()K= (ki) amd ()KL = (g)RIGKI(RL) = (fk()')CKLf).
Ths, amy B-crele is in An and any 6 A con be writhon as the praduck of B-cycles. 0
Remark. Let (a1 . ar)€Sn be o k-cide amd T €5, Thon Tlonado™= (e¢a)... o).
Lomma: All 3-cxeles in An ave conjugote m fa for w6
PE Lot (gk) e An he o B-cycle. Take TeSn to send itol, Gto 2, and Kkt 3.
Then (i jRe=(123). Go all 3-cycles are wwd‘tga'l'e to (12) awd herce conjugate in S
We need el T? ¢ eAn e are done. Rosme nok Then amce w9, choose r,5£ %i,4, RE.
Then set o= ¢, Thew /(1230 = (122) amd 7’6 An. N
Theorem: An is simple i+ 075
PE Lot ned and doke 15 Z A4 A Ve show H has a B'G\lolc. I this is the caze, Hhen by the lewmas
omd roruality, A= Bk e B g o woximal nmber of cloments ob 11,2, Y, 72 {65
Virsk case’ Suppose T 15 the digjomt pruot of L-cyeles. Whike o= (K. amd choose £ i .k, 25,
St v=(keD). Then lek P=20tc™ Then P R by nomolity and pre. Quppose xe 112, n’5 sabisfies 0bd=x.
Then if x=r, Pl =x. ok then L= 1, Pl3) =g, 50 fixes mone eloments thaw ¢, o contradiction.
Second case’ Quppore T is the A»sd'o,nnL PmeJr of oycles = (k... T4 ¢ =(igh) we are done. Assme vot.
Then Fes6LhanB\1i, 5. kS 5 that r()zr, 0125 Lot 2= Ukrs) € An and Yake poraea™ € R (by normaliy).
Chesse x such thot 00 =x Then POI=x, 0(§)=/, amd Lre as PRI=¢, o contradibon
Thos, @ 5 o 3-cycle. n
Corollony ™ Tor e 5, An (owd horce Sr) 15 1ot solvable.
P T A were sobnble, thon Anverld he cbolion, which o Folse. .
lvahle Extensions
Defn' A field edagon F— K is o princi Pol rodical adension i+ there vo deK, meN o fhal K=F(0 and «m 6.
Oet'n: A feld odonsion T K is colled rodical it it is Hhe compositon of Cmflely womy Principal rodical exctensions,
e there 15 o dower F= Fo? B > T2 F 5o thab ench F—Foy 5 o poneipll rodical axonsion
Ded'n A Leld edension F—= K is sohable f thee i3 0 feld K' such Bhat K€ R and F—K' 15 padical
Theorena Leb F—=> L he hinite Bolots amd assome charF= @ Than F—=L 5 sohable it ol cml\{ it Gal(L/F) 15 wlvable
7 Assome F—1 is solvable. Then there is o Field M wnlram.r&y L ach thet F— M 15 rodical.
Let M be the normal dosore of M We clam F—/M" s shill radical
Sine F— M i3 radical, wve have o fower F—F = F(x) = F, = F (¢) =7 == W\ 50k that Vo Im 6N such that
%6 Fir. Now consider the fower F—SF(m, 1)=&, — SFlmaz)=F—. .. —/M"
Then eoch Fm—F 5 radical os @€ ism rosk of - o™ 6 Fi Ix]
Thes, F—= M 5 radical. Naw F—=M 5 Galovs as F= L 15 normal and L=> M 15 normal and F has chamctorobe O
Forthermore, Gal (M'/L) 4 Gal (IW/F) and Gal (M/F) /6 ) = Gal(L/E) by the Second part of Galois Coregpordence.
Now, by solvobilily theorens, it Gal(M'/F) is soveble, 50 s Gol(L/F). Hence, we need only ghow thet o Galors
ool redical oorsion F=2L has sohable. Golors srvp
Observe Lot « be o primitve wth took of onity. Then F—=F() is Gobrs with aholan Golns P




od radical odonsion F—2L hos shable Golots g

Observe Lot « be o primitve wth took of onity. Then F—=F() is Gobrs with abolan Golnis =P

To see this, let Fo0=x=1. Then 1ot a™'5 sre oll rosts of £ 50 F(#) 15 a splithng feld and 50 F—=F() is Galors (separability from char F=0).
Nohoe, it motead chor F¥ m the result holds as aqafl@,?’)-l o fs sepmble.

Lok 6=Gul(F0/2) and fake ¢, 26 G. Thon ¢ ond = are dotormmed bY o(2)= o', el =ot? (a5 o i3 o primibve bk ook of onidy).

Ths, r2le)= 2060 5 0220 and G s abelion.

Now let F—=K Lo the extension of F by o»(lo)‘omfgy all mHK voots of uvth\i. Than F—=K 15 Colors with Gal(K/£) ahelian.

Forthermore, by the wo)wdc,e theorenn K—KL 15 Galois, amd nofe it i alse radical. o, Gal(KL/K) = Gol(L/pN]).

So it Gal(KL/K) 5 soheble, 5o 1s Gal(L/kNL). Bt Gol(Likn) 4 Gal(L/5) amd GQICL/F)/GJ(L/ML)E Gal(RNL /7).

(bt Gel(KNL/F) 15 aholian smee Gal(K/F) 15 abelian. Flance, Gal(L/K) woold he sohable by solvability Hheorom.

e g;a\:f/K L\ Thos, i$ Gal(KL/K) s solvable, then Gal(L/F) s sohable.
/ K\ /L Willook ks & ganeralihy, e oy assme F—> L is rodical Gobis, and
G Qfl\l. i T has all wth cooks o ity nesded.
TR N e e FrR o =R L FR6) b sne

5&%.‘5‘?\/\\/\; A6 ., Yor some m; 6 N We Monf ovsTume wy 1S prime. We daim Fo,—F s Galois with oychie Gollors 5°”V
To see this, we have thok o is o rost of x™-~ P whene =™ Lot 7 he an mth root of oniby. Then i € &
is alo o ook of x"- [ Hence, x™-); spis in KIX), 50 Fo™F 15 Galois,
Rothervare, Homavork 9 Queskon | gues Gl (FL/E.) s opelc
Set Gi=Gal(L/FD. Thon each G g 6: by normality of exdensions avd G /g, 1o shelian Vi by constrohion.
Thes, G, = Gal(L/F) 5 sslvable.
Conversely, suppose Gal(L/F) is wolable. Ve show L 15 solvable.
We st prove o lemma
Lowma Let F=>K be Golors, Gal(K/F)E 2 for some prime ), amd assume F hos all p'th rooks of unity.
Then F—>K o a prineipal redical cuchomsion
P ot lemma: Lot e K\F he soh that K= F(R) (hy Theorem of the Prmatie Elomend).
led % be o primibive p¥h root of uv;\j\, a@i T o (;@nem&ter of Gel(K/P). We use Lc&?r‘aw;e Resolvents.
For el 1010, p-13 dotme o= 2, T5(P).
We have & =P+ o(p)+. + 0"’:—([5), wnd (%)= CUPY Y TPtk o = ot 50 ack=F.
More- gonerally, o= b+ TP+ 370" (P) bt TIERB) and o= o) P P =
Hence, a(a;)= 37"o<; and 50 T(of) = v@;)"z@%;)h of, 50 aleK“=F Vielo,  p-i3.
Ve need to show there 5 7 suth that g F. ok 571 Niciep-lso 0(oti) o« ond honce o ¢ F onless d:=0.
Asssome, for o contradiohon, that oz ctex s, 2O Then
% = dotot bt gy = Pt (P AP+ (P
TPt TP )t ()
P TP} o lpIn T ) 4
=P (3 e TGP+ (1637 37 gilP) v
= pP+ Og(P)rc+ OTH(P) = pf.




=P+ (145 TP ek (1P ) galP) v
= pP+ Og(P)r. .+ OF™(B) = p.
But P#F 30 this is impoosible. Hence, There 1o 120 2p- sk thot o e K\F
Bob [K:F1=p 50 F(B)= F(a), and P €F, 50 F—=F(B) is a principel rodical adbersion
Note the 21%-0 as it is the coollisent o o korm in x| P
Now G=Gol(L/F) s shable 5o let 16526, 46,9..¢5,= G be o componibon series of 6. Thon G /g, is smple
ond abolian oo all i Hance, Gin /5.5 Z; for some. pome. .
Oefine Li= L% for coch ie100,mb Now we have F=ly—" Lo L= L whone eoch Li—=le, 15 Galos
ond s Golers Grep somanphic fo Zp for some poime g We can almoot apply the lenma . Lot F— K b&/ﬂ»m by

“Ad'm”’y ol P Yh rods of unity. We have e KL‘\

KLi L
\ kL),- V
wd K== Kls, 5 Gobis by the base chonge waf; Alse, 6al(Kiy ) = Galllic/ k) € Galllin A1) E 20, 50 Gallkla /K1)
i5 toemoephic Yo <ither fek or Zp. Now, F—=Kis radical, 50 F—= KL is mdical, and L € KL,50 F—= 1 15 soluabk.
Constrockibiliby
Def'n A mumbor s cnstrochble # i s the x or y caordinate o ork which can be mede by sheckng with pords (0,0 and (1,0) and Horetuely
eihor g o ne bebueen hue ks or makig o cicle ok o ok i codis the dskonce bohvasn ong bue povinsly cbaned points
Theorenn Let k= fae R« is conshnckibe . Then K is o Feld .
P See constructible notes.
Lemma” T8 a e then (T2l is construckible.
PE Homework 10 Question 2.
Theorem” Lot 16 K. Then & i5 constrehible it amd ml»l @ Thee 15 o fower @Q=F, € F, ... < Feach FieclR ad [FiF. 122 weh,
PE Soppse e K e go by indueion on +he nomber of sheps Yo constivet o There ave 3 coses for the Final step:
Cose |« is the coordinafe of o point Oquer\ by ererse&moq oo ines.
We have wif P=(an,b), P=Cen,b) Qe A) Q (cr,d))
Clma) o y-ds

D

A&.

S )|

B or- &

Py N R, The lines are Hnevxgwfm ]0\1 Y, -
lal(e F @(0 C»-Llo L.) , G ciéi> ”N’/vx QSF OIV\A' we Gve onw;
Case L. R arges 57 M'Leréoo'l'wboy o line owwL e circle .

; c . L=PP, Q=0x, vo), We wate L as ot b, mib & T (asume all comrdinates lie i previevsly ataned tover).
For € we hove eqrovbion () "+ (y=1) = R Now, ¢ 8 o comdimabe o o solobion ko the grodratic Geod e (werb-y)" = R
By quodabic formok, o 15 i a real guodokc. xtonsion of F.

Cose 3 o arises b\/ m)mseohn; fwo circles.

We fnd circles (x-o)"+ (y- b)*= RY, (x- o)L+Cj-cl)L: Q;. Takﬂ; He A({l?emmeagms o linear a7uwlfan in x omdy

Now we ave back n case 1.

Cor\V@rﬁe,'\/' assome we hawe Q=FcF,c . cFic R whee eoch [Fan Fl=2 ond a6Fa.

By mduckon. IF n=0 we are done os @ <K,




Now GSSume each F\‘ < K CW\A Fm: F.(\D'.) Q-ur some & € F.* not o srm, B\f \emvvxa, JZA e K 2o each F = K A

Com“@ry L aekK imphes Aed%‘("() VS o powef 09 2 ):Cor\vwée hol— +Hroe - see \/\omework lO]‘
Cof\se?uwwea .

D \/ou co/vw\o‘l’ S‘LVW“’« o cir‘o]ei

I{l C e a Circle with Y‘o\A\'vs \, “H\w\ C s oreo. . Ii" \fov mul& 67\;% o oﬁm\f, ‘Hw% H\e 57\/0»4, wauu/ L\a/w, ‘é\Ae‘eyH\ JV?

Bu‘l' N i r\o" a;t;zlbmic s0 JWm s V\c\f GL;Q»]QMA‘C. No SWL\ -l-owew eva% %0 b‘f ‘H\eomvw o oircle mvw\o‘}’ }aa 37ch\,

1) Comnst tnisect am arbiteary mg\e.

Ve show we. camnet frisect o 60" ngle. Th we coold, we could construck otz cos 207,

\We have cos 60° = Ua®- 3¢ by idontiby cos39=1c0s’8- 3ol . Honce, Mu*-Ba -y = O

Bt Hhis pabnomicl in G 15 rveduetble. 50 dergG0=3.By Fheorem o i nok conshruckible.

Remark’ We can dofine K=Tatib 1a,be K2 This is o subbiell of € and comsiohs of corotrckile complex rumbers.
Theorem: «€ K it omd ov\\\( * 15 condained in some Ko € € whoe Q=K €K S.. €K, and each [Kiki)=2.
Ph TF ae K, thon abeRuhore smarih, abe R Now by prewes Hhamom o,b are in guodhotic 4omers,
C«mbmy these ond o«ldowmg ;ws o 7umlm$c Yower for &

T,@ Y\S‘l’%‘l« 'l‘ower ex»sl—s ‘H\e/\ ainee k is 0\06&3 uvdw obuaAvu.'l—vo e)<~]~9vx6\bn5 UJY 1ue«lm‘l'nc %vvw,o,) we ave Acyna

”\eowm X € K @ mA cml\{ 1{1 H\e f;p Hy Qla\& o&\— My @ has A?m o pow o-@ 1 over @

P\C Consider ¢6K, Then Hr\@vw, ) m'l‘uW @:K,EK c . _.cke<=s C with o(ék',\ orv\& [K"K']ZZ Ml sign,

Let [ he the normal alosvf\e of Kn. So Ho-(m whore 71 K= C 5 an QMLQAA.A; &xm; Q.

Now e bove. Ko 2 K 2 2k Tk 000 ke (0 k) - m(mﬁ(m'cf._'él

The 4ol degroe 5 0 power of 2. Since SFMaa) € L, ik musk also be o pover of L by douer

Conversely, let L'= SFHmua) and assome dm e Zo sch that [L @116/ =77

Then there 5 o chain 1€5=6,¢5,26,9. 26n=6 vhare [6::6.1=2 for cach lerem,

Now fhere is o owar of qrdvabic extonsins (had ficlds) contomng ot o0 e K by theorcm. O
Cyclokomic. Polynamials orad Consjrwohr&r/ . Regvlw f=gor

Obszrvotion: A reguler n-gon 15 conchrockibe i ad enly i K corbos o povibe nth ok of onity.

Remark: Let o le o primitive wm'th oot oF unity. Then Qo) is the ﬁpJ,‘JrJn‘rba/ feld of wya.

Honce, &R ik ol only it degie) ioa omer of 2.

Dof'n' The n'th cyelotomic. golynomial is = TTlx=a) whore st rmgges orer the prmbive n'th rooks o wnity.

D Lok § = Zeixd € 2Tl We say § o prmibive % gedlenrc, . e)=1,

Lomma T8 .96 2 L] ave. primite, thon. 22 o te.

PE ate F= Z\ax be» Let p be a prime vot dviding oll af and nah duding oll by sch fhot plon .o amd plb,..
Then the coebiciont of— KM Paq vo Mw+ @Q@K;Q’;l\]fb

divsible by p heb diwsible by P divisble 10\7 P.
%? ?*0 DW\A P JMJ&S 0~H oH\er w&P’\croﬂ/wlﬁ 0 \ag S f)l‘ﬂ\m{ﬂ\/&

Coro”m\/, Le1L \;6 Z]}J, g he @RI monie sUCh H\A’ 1‘1-00/}\ ) kwx ﬁ }\62&3
Pp T)'\eM— owe Xi" >“k € Z OuoL ’H\OA’ j:XJ; , /L\\/—-)\k l’\ (] Z/[Xj ore PN‘MI'J—iw,,
’”\(’JV\ )\ﬁ)\k;}\ = /\;)&mﬂ is PP\‘M{‘L\N,, Tll\m, /\J -‘)‘h =t l <o U(Z, }'\ (5 Z/ij D

O

/o, vt pl/mr

+ b;rl -



P There ace by W 6 such thot F2hg h=dhe Zlxl oo primitie.

Then Xﬁkk;k =/\;)mo is primifive. Thos, /\J:)‘h =t| % 2 he ZzL<1. 0

Theorenn: 8= My, € BLxd, whene o 15 o primitive nHh rook of onify.

Ph Note « i aredt of X-1, 50 Wiig | XL

By the corollary, wiya € ZTx1 on thee & he BAL s that x*-1=h-wya.

We clown that & p 1 o prime wnd P, then myale)=0.

T we can show this, thon since Wi, only has primiive nth roots of unity os reets, we cam conchde thot the Fhasrem holds
The Primikue nHR reots of by e gnen by o* guch that d%Mk'y\):,' Now, i# K=p,...0p i the Prime fockonzation of K,
then ecch pi ¥n. Honee, o<K=(o('7""P‘)P' s o west by o mdokie ijv\mmt

This, we need only show the clam.

Assme o is nok avot. Thew of © o root of h. Now h(¥) has o as o rook 50 iy @ | WO,

Horee, there = g6 BD0 sch thot hOxD = g ma o by corollary, 36 2T Now ks nshead ok 1 Z 11

St 37 Reh, me=wice mod ). Ve howe R(x"):n‘«cxﬂp as ﬁ:txﬂp-— (Zﬂx')P=ZY;PXiF= ZEY;M)"-_ Re) (Y=Y, by Frobenivo).
Thos, (<) =J7 g =00 omd 30 K ond my Shave o root (med p).

ok X=1 =i, 15 sepavable (fake fomel domvabive, rote phn), o contrdickon. n
Corollary " deg(a) = Jeg(8,)= ln) = |ikeN | ged(kom) =151

Theorem Proporties of #n):

I8 p & prwe, $PY=p-1.

DIE p s prime, £(P)=p<(p-1)

B TE (i ave diskinek primes omd € € Zo, then 07 pE)= AOS) (7).

proposnL.'on’. The regu,w nogon 13 construotible F amd ar\\\( # or n=p% %, pi dishinct primes, & € Zoo, then =2 or iz 2% ] and €= |
PEEIE the remlor nogon 15 construchble, then 90 1o o power of 2. Thue =2 e pi=2%1 ad 6= |

Conversely, we hoe that ¢0n) 15 a power of L 5o we ane done. 0
Remark For 3¢ 20, the reqular nogon 12 canshrchibe. it nei3d M 9, 6% 10 12,15, 16,17, 205

Compoting Galars Groups

Nokivotion Let Fbe o field of ur;oxg%ﬁ equal o L Lt #eFIx] be o irvedioble cohic and K the opliting deld of J.

Ve have shown that GallR/F) = % AZ e
SoMng Lok F be a fald & Shorodtorishic. vek equal 4o 2. Let Fe FLx1 be imedoshle and sepoluble & dogee n, kiks wlf%-?; Fiold
Leb O=Gal(X/F). Ve wont +o compote G Soppose F s distnet noks o, and leb 6= 6 < So.

octher \abelling of She rks 15 givcn by the ochin ob omy €S anthe d, (ie, dhwr . ceum 12 o rlabellg). T this caze, © i5 embodded

Czw\ we jw\ev*ahw éHm'G 7

in Sn 05 0GB Thet s, e orly cave vp to cam(;vatham.

Uefn. R sbgroup H ob o i colled drnshive # Ocb(i) = D2 b all 16002, w8 Cuth e prnobebin ackion o £1,2..08).
Froposition: Let 4 amd K e os abore. Suppose 6= Gol(k/P)= H €5, Then H s tramsitie

PE Consider rooks of § & omd aj. Thew Fla)¥ FL /= Fel) We can 1 Hhis isomorfhisnn o on okomorphism of K.
Horce, Orb(i)= 11,2,.,w5 s0 H is tromsiive 0D
Ve follow the Qoﬂow.»\oci theps fo compite O

Step | Tdontdy oll drmoitive subgroups of S (o ko conjogation)




Ve bllas Hhe bloung shegs o conpite G

Step |- IAW\’NQ\{ o] drmsitive vaéymps of S (plo wn(;\é«meﬁovD

Step L. Given o trmnsibie sobgrovp H of S, dotify Q& Flx ] ach ot Stob(4) = H under the acton of O on 1,205
Step 3. Compote cesolvents.

Detine Gill- 5“%' W)€ Flx, .= Ly]

This s well-defmed as i 7’2o h, thaa ¥ @R~ (W) =¥, L o heH.

Nokee, 84D is symmeric m ,xe. To 520 the, lek =6 Sy, Then

tng;@/y;w) :@L»t¢¢>=ﬂ;3;a'v>: 8. The, B e F[x.,.,k,xn]s"m: Fls....,sJLy1

Slrep U Use resolvents.

Subshitvte the coxllimts of § ko the 5 b gob B301)- 8y, e FLv3

Fropostten: Lot © be o field ond $&FDx] be sepamble and imeducible. Lot 6=Gal(),

Lot Ve Fx, .w] ad sob Shab(@)=H Then

D TH G s conyygote o o sbgrep of H, By hos « st o .

(D T8 % hos o simple root n F, thaa Gis oond'\ﬁm"e Yoo a;bawauf of H.

PE (1) Aben velobelling, e mog asame: G2H (50 ¥ s ined unber ©

Nokice, 9*:;(‘9(5,;“”‘“ ,,,,,, ) has Y-0(t,..a) as o fackor (the a: dishnot rooks of ).

Lot gecs, Then 3O ) = (a0 de) = Do), 20 s Fixed under eoch 0966. Honce, Plet,...an) 6 F
Thot 5, 02 has o root i F.

(D) Afer m\aloeﬂm(j, we may ossme Wt ad s o vodk b O

§upposa G ZH, 50 thee s €66 sch that 27\

Now, 8= (y=9y-20).._, and honce Bp = (=0, ) (4= 2 Wlot, )
R)A’ we asiume \‘()(_"( ,,,,,, 0(1\)6 F, Jo ’t@()("( ...... dv\)) = (’C@)Cd ...... o) € F BU‘" +}\‘3V\ tkp("(v.--:dv\) = kp(l’[\,‘..,dv\)
<0 94 \hoé a vxon-ﬁ\\mple mo*’ oul— \P(D(\,.,‘, 0(0, o cuv\‘lfl\o‘cer’\Of\ []

Remark: T4 all G4 don't have moblple rooks, this determnes G (op 4o wa\ﬁaho.b.
The Tohimhacsen dravshorston co temoforms $ 4o o pilyramiol G b the same Galois group i Hhare e molle k-
Golois Broop of Quackics S
The tamsitve ‘subétmup shrotore o Dy 15 /91\ Alv. 9= (= Oxoxe g2 ) (Y= O + 236 (Y = (o + ax),
Notce A 0p=Ap# O 5 b is sepamble. Z, k2
Ry praposition, ©=Gal1) 1o contored i o sgoup contored in o subgroup o Sy isemerphic to Up 1F and oy if B¢ has & vk 0 T
Now: + G=Sy € E £F ad B¢ hos no rest m F.
0=A, &= Mre¥ awd Bt hos 1o b i F.
‘0% 0 or 6T Z S METF omd O hos o oot m B
622, &I e F and Gy has o root m B
To é\'shnaqw‘s\n behvean Dj avd 2, we conn:
O Ve gt Z it and only B F splks ablor odjoring o sigle reof.
(D) Use a vesolvent for Z, (Fhis hes Aeam G), and deal with woltiple voots.
(D) Lo avmbe Poiila hirk minom » comOhraded mnddamon imohima ol o Oh



(2) Use o coshark b 24, (i hes dage §), md do b e voke
) Use quache fomvla, which g o comhicated crikerion m\nlvng roote o Or.
End of course notes.

C/OV\.S)IWJUH)O\'\\'{'\/ Dmdqmw»s:

|
(-I,o)wu,(’ﬁ )

A” ir\‘}\:gers are cowe{‘rud‘llo‘c 1
C(‘)/\S%T\)Ol’\n;{ ‘H\e \-exis (vwvvaly, (O,l))

c—%) ‘ d/o)

A ﬂwxi\our cowS‘*mo‘-im dyi\r&ﬁ P&n?e/v\c;\‘cula.r biao*w&
6ivev\ ("‘.l@) * cws'}wo\\iuc Pam‘\, we cam construct (4, 0) and (O,"() 107 PWP%A\CVlw PNJMWS omLo ‘H\e oxes.

i )
i Perper\cliou\m Imécolrc% Now, civcle o{z MAI‘VS X ji\"*s (_O, D‘).

I G0 L-I(,o)
I?‘ d,ﬂ ore cov\fﬂ-m‘l'\}olc then d\H%, ]3—0(, orﬁ‘ OMA \Z/ol [.‘*‘O] are wns‘l‘roo'l-\'))\e. Rssome o ¢ Ig,

bor ar fb, drans cirdle of vodive % about (P.o), ths aleo 09'1\*«95 p' X.

FO\F X[&t D oamd D are simn'lm’.
.0 = X ! = = PIES c.av\?k-vo‘lwbl&
)
D)
§ ¢
| o) (%,0)

(CH))
For P/o(,' (o, LNM, similar *‘m‘mjl@sﬂ L/ﬂ = \/0( ,or A= ]6/0( is constructible.

| a,0)> Ce,0)

L@w\)\m? L(} ;“)K 1?0 Ga\ms WI'H\ G)a](K/F)gZP ‘QOV‘ come Pﬂwvr, P/ awx& oSSune F \I\a,s <7t” P/H\ roo% O¥ UV\\'\’\i.

Than F=>K s o pricipal rodical exbension.

Coim: Let F=L e Galois and Galll/F) sohoble. Thon =L s sohvable.

PEob o’ Lok 1120, €0, 96, 2. €6z Gl (L/FY= G be o composibion sorics or O with abelian quokionts.
Define L= 1% broll Ocicmn Then we hme o dower of exbonsions F =L L= = L= L.

Nokee, Gi /G, s simple amd abeliam e oll 1, 50 15 s cpele of prime oder, sy G/, ¥ Zp for ecch 1t
Reebhormore, Gall 1) = 7 1 ) 2O o G e o prme ol

Note Hhis ssomorphism Yolls o5 Gy 4G, 50 Li—=Liy i6 normal omd Gol ()2 G by the 20d gk o

the Galoe comespordencc. Now leb F—K be the exonsion where we odjoin all pith raoks o unby, for all 1272 m.

Now we hove o bawer F= K =KL =KL — KL= KL KL

: w—"""" "1,
No}n‘oe, F—=K is redico), we show KL s radical ower F. For each 1, we have SN VLOL /7
Since L.' iid L.'_| s 60\01’5 (_SePﬁmue l;\1 chamcterstic O), the 1:>o~5e. c}\om;e + heorenn k\ﬁ -

M\s s ‘H’\o«+ KL, i KL\'»I 5 6&\5\'5 WV\A &](KLM/KL{)? GGKLH/L,_.HKLD 4 Ga](Ll’—\ /L—.) < Zp,‘
Thus, “PP'V"‘; he lemme dqws et KL, — kl,;-, 5 o prmapal radicol exchonsion b each 147 ¢m.
Tl’\oA‘ V5, k — KL s rc.An‘a:.\. P)u+ L < kL, o F"’ l_ s 50\\)9,})‘&_




